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Abstract
The neighbourhood heterochromatic number nhc(G) of a non-empty graph G is the smallest integer l such that for every colouring
of G with exactly l colours, G contains a vertex all of whose neighbours have different colours. We prove that limn→∞(nhc(Gn)−
1)/|V (Gn)| = 1 for any connected graph G with at least two vertices. We also give upper and lower bounds for the neighbourhood
heterochromatic number of the 2n-dimensional hypercube.
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1. Introduction
A colouring of a graph or hypergraph H is a function c of the set of vertices V (H) of H onto a set of colours C. We
represent sets of colours by sets of natural numbers or by sets of ordered pairs of natural numbers.
The heterochromatic number hc(H) of a non-empty hypergraph H was introduced in [2], and is deﬁned as the
smallest integer k such that for every colouring of H with k colours, there is a hyperedge of H all of whose vertices
have different colours. There, the authors study the minimum number of hyperedges in a k-uniform hypergraph H with
nk vertices such that hc(H) = k.
For a hypergraph H, hc(H)− 1 is the maximum number of colours in a colouring of H such that each hyperedge of
H contains at least two vertices with the same colour.
A mixed hypergraph is a hypergraph H together with a partition (A,E) of its edge set. The upper chromatic number
(H) of H, introduced in [7], is the maximum number of colours in a vertex colouring of H such that each hyperedge
inA has at least two vertices with the same colour and each hyperedge in E has at least two vertices with different
colours. If a mixed hypergraph H = (V (H),A ∪ E) is such that E is the empty set, then (H) = hc(H) − 1. See [8]
for a comprehensive study of hypergraph colourings.
Let n be a positive integer and G a graph with at most n vertices. The anti-Ramsey number AR(n,G), deﬁned in
[5], is the maximum number of colours in any edge colouring of the complete graph Kn such that no subgraph of
Kn isomorphic to G has all its edges coloured with different colours. Anti-Ramsey numbers have been investigated
extensively, see also [1,4,6]. Recently, Axenovich [3] studied anti-Ramsey problems concerning vertex colourings of
graphs.
E-mail addresses: juancho@matem.unam.mx (J. José Montellano-Ballesteros), neumann@matem.unam.mx (V. Neumann-Lara),
erc@xanum.uam.mx (E. Rivera-Campo).
0012-365X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2007.07.003
3442 J. José Montellano-Ballesteros et al. /Discrete Mathematics 308 (2008) 3441–3448
Heterochromatic and anti-Ramsey numbers can be related as follows: for any positive integer n and any graph G with
at most n vertices, let H(n,G) be the hypergraph in which the vertices are the edges of the complete graph Kn, and a
set of edges A of Kn form a hyperedge of H(n,G) if and only if A is the set of edges of a subgraph of Kn isomorphic
to G. Clearly AR(n,G) = hc(H(n,G)) − 1.
In this article we study the heterochromatic number of a class of hypergraphs obtained from graphs in the following
way: for a graph G let HG be the hypergraph with vertex set V (HG) = V (G) in which a set A of vertices form a
hyperedge if and only if A is the set of neighbours of some vertex u of G.
Let c be a vertex colouring of a graph G. A set U of vertices of G is heterochromatic if c assigns different colours to
different vertices of U. The neighbourhood heterochromatic number nhc(G) of a non-empty graph G is the smallest
integer l such that for every colouring of G with l colours, G contains a vertex whose neighbourhood is heterochromatic.
Evidently nhc(G) = hc(HG) for any graph G with at least one edge.
For a graph G, let G1 = G and for n2 let Gn = GGn−1, where the product GF of two graphs is the graph
with vertex set V (G)×V (F) in which two vertices (u1, v1) and (u2, v2) are adjacent if and only if either u1 = u2 and
v1v2 ∈ E(F) or u1u2 ∈ E(G) and v1 = v2.
In Section 3 we prove that limn→∞ (nh(Gn) − 1)/(Gn) = 1 for any connected graph G with at least two vertices
and in Section 4 we show that for any positive integer n, 22n − 22n−n+1 + 22n−1−n+1nh(Q2n) − 122n − 22n−n,
where Q2n is the 2n-dimensional hypercube.
Finally, we conjecture that the exact value of nh(Q2n) − 1 is 22n − 22n−n+1 + 22n−1−n+1 for each integer n1 and
prove that the conjecture is true if the colourings are such that for each colour , no vertex of Q2n is adjacent to more
than two vertices with colour .
2. Preliminaries
Let G be a graph with minimum degree at least 2. A double neighbourhood transversal of G is a set of vertices T
of G such that each vertex of G is adjacent to at least two vertices in T. A segmentation of a double neighbourhood
transversal T of G is a partition S = {S1, S2, . . . , Ss} of T such that each vertex of G is adjacent to at least two vertices
in some set Si , i = 1, 2, . . . , s.
A free colouring of a graph G is colouring of G free of heterochromatic neighbourhoods, that is, a colouring of V (G)
such that each vertex of G is adjacent to at least two vertices with the same colour.
Proposition 1. Let G be a graph with  vertices and let k be a positive integer. G admits a free colouring with k colours
if and only if G has a double neighbourhood transversal T and a segmentation S of T such that k = − |T | + |S|.
Proof. Let c be a free colouring of G with k colours. Denote by S1, S2, . . . , Ss the colour classes of c which contain
at least two vertices and let T = S1 ∪ S2 ∪ · · · ∪ Ss .
The set T is a double neighbourhood transversal of G because every vertex of G is adjacent to at least two vertices
with the same colour, clearly S = {S1, S2, . . . , Ss} is a segmentation of T .
Since each vertex of G not in T has a colour not assigned to any other vertex of G, k=|V (G)\T |+|S|=−|T |+|S|.
Conversely, let L be a double neighbourhood transversal of G with  vertices and M = {M1,M2, . . . ,M} be a
segmentation of L.
Let V (G)\L = {u1, u2, . . . , u−} and deﬁne a colouring c of G with k =  −  +  colours as follows: c(ui) = i
for i = 1, 2, . . . , −  and c(u) = − + j if u ∈ Mj .
Let w be a vertex of G. Since L is a double neighbourhood transversal of G, there are two vertices x and y in L which
are adjacent to w in G. Moreover, x and y lie in the same segment of L, say segment Mj . Since c(x)= c(y)= − + j ,
c is a free colouring of G. 
For any graph G with minimum degree at least 2, let (G) be the largest integer k such that G admits a free colouring
with k colours. Clearly (G) = nh(G) − 1.
Lemma 2. Let G be a graph with  vertices and minimum degree at least 2. For any positive integer n, (Gn+1)
(Gn).
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Proof. Let V (G) = {u1, u2, . . . , u} and cn : V (Gn) → {1, 2, . . . , (Gn)} be a free colouring of Gn with (Gn)
colours.
We deﬁne a colouring cn+1 :V (Gn+1) → {1, 2, . . . , }×{1, 2, . . . , (Gn)} ofGn+1 with (Gn) colours as follows:
for a vertex (ui, x) ∈ V (G) × V (Gn) = V (Gn+1), let cn+1((ui, x)) = (i, cn(x)).
For w ∈ V (Gn+1) let uj ∈ V (G) and y ∈ V (Gn) be such that w= (uj , y). Since cn is a free colouring of Gn, there
are vertices z1, z2 ∈ V (Gn) which are adjacent to y in Gn and such that cn(z1) = cn(z2). Clearly (uj , z1) and (uj , z2)
are adjacent to (uj , y) = w in GGn = Gn+1.
By the choice of cn+1, cn+1((uj , z1)) = cn+1((uj , z2)), therefore cn+1 is a free colouring of Gn+1. 
3. General graphs
The following lemma is the key tool in the proof of our main result for general graphs.
Lemma 3. Let G be a bipartite graph with minimum degree at least 2.
(a) For each integer k0 there is a partition k = {T0, T1, . . . , T2k−1} of the vertex set of G2k into 2k double
neighbourhood transversals of G2k .
(b) For k0 and i = 0, 1, . . . , 2k − 1, there is a segmentation of Ti which contains exactly 22k−k segments.
Proof. Let (X0, Y0) be a bipartition of G. For any integer k1 we denote by (Xk, Yk) the bipartition of G2
k =
G2
k−1G2k−1 given by Xk = (Xk−1 × Xk−1) ∪ (Yk−1 × Yk−1) and Yk = (Xk−1 × Yk−1) ∪ (Yk−1 × Xk−1).
(a) For k=0, T0 =V (G) is a double neighbourhood transversal of G=G20 . We proceed by induction assuming that
for an integer t0, there is a partition t = {T0, T1, . . . , T2t−1} of V (G2t ) into double neighbourhood transversals of
G2
t
. For p = 0, 1, . . . , 2t − 1, let X(Tp) = Xt ∩ Tp and Y (Tp) = Yt ∩ Tp.
Consider the graph G2t+1 and for r = 0, 1, . . . , 2t − 1 let
Lr = (X(T0) × Tr) ∪ (X(T1) × T1+r ) ∪ · · · ∪ (X(T2t−1) × T2t−1+r )
and
Mr = (Y (T0) × Tr) ∪ (Y (T1) × T1+r ) ∪ · · · ∪ (Y (T2t−1) × T2t−1+r ),
where index addition is modulo 2t .
Fix r ∈ {0, 1, . . . , 2t − 1} and let (u, v) ∈ V (G2t )×V (G2t )=V (G2t+1). Sincet is a partition of V (G2t ), there is
an integer i ∈ {0, 1, . . . , 2t − 1} such that u ∈ Ti . Since Ti+r is a double neighbourhood transversal of G2t , there are
two vertices z1, z2 ∈ Ti+r which are adjacent to v in G2t . Clearly (u, z1) and (u, z2) are adjacent to (u, v) in G2t+1 .
Analogously, there is an integer j ∈ {0, 1, . . . , 2t − 1} such that v ∈ Tj+r and there are vertices z3, z4 ∈ Tj which
are adjacent to u in G2t . Evidently (z3, v) and (z4, v) are also adjacent to (u, v) in G2t+1 .
Case 1: u ∈ Xt .
Clearly (u, z1) and (u, z2) lie in X(Ti)×Ti+r ⊂ Lr . Since u ∈ Xt and G2t is bipartite, z3, z4 ∈ Yt , therefore (z3, v)
and (z4, v) lie in Y (Tj ) × Tj+r ⊂ Mr .
Case 2: u ∈ Yt .
In this case (u, z1) and (u, z2) lie in Y (Ti) × Ti+r ⊂ Mr and (z3, v) and (z4, v) lie in X(Tj ) × Tj+r ⊂ Lr .
In both cases (u, v) is adjacent to two vertices in Lr and to two vertices in Mr . Therefore Lr and Mr are double
neighbourhood transversals of G2t+1 .
Notice that
2t−1⋃
r=0
Lr = Xt × V (G2t ) and
2t−1⋃
r=0
Mr = Yt × V (G2t ),
therefore t+1 = {L0, L1, . . . , L2t−1,M0,M1, . . . ,M2t−1} is a partition of V (G2t )× V (G2t ) = V (G2t+1) into 2t+1
double neighbourhood transversals of G2t+1 .
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(b) For k = 0, {X0, Y0} is a segmentation of T0 = V (G). Again we proceed by induction assuming the result holds
for some integer t0. Therefore, for p = 0, 1, . . . , 2t − 1, there is a segmentation 	p of Tp which contains exactly
22t−t segments. Without loss of generality we can assume that half of the segments in 	p lie in Xt and the other half
in Yt . Let
	p = {A1p,A2p, . . . , A2
2t−t−1
p , B
1
p, B
2
p, . . . , B
22t−t−1
p },
where Aqp ⊂ Xt and Bqp ⊂ Yt for q = 1, 2, . . . , 22t−t−1.
For r = 0, 1, . . . , 2t − 1,
Lr =
⋃
i∈I
(X(Ti) × Ti+r )
=
⋃
i∈I
⎛
⎝
⎛
⎝⋃
j∈J
A
j
i
⎞
⎠×
⎛
⎝
⎛
⎝⋃
j∈J
A
j
i+r
⎞
⎠ ∪
⎛
⎝⋃
j∈J
B
j
i+r
⎞
⎠
⎞
⎠
⎞
⎠
=
⎛
⎝ ⋃
i∈I,j1,j2∈J
A
j1
i × A
j2
i+r
⎞
⎠ ∪
⎛
⎝ ⋃
i∈I,j1,j2∈J
A
j1
i × B
j2
i+r
⎞
⎠ ,
where I = {0, 1, . . . , 2t − 1} and J = {1, 2, . . . , 22t−t−1}.
Moreover, since	p is a segmentation of Tp for p=0, 1, . . . , 2t −1, each of the setsAj1i ×Aj2i+r andAj1i ×Bj2i+r , with
i ∈ I and j1, j2 ∈ J , is a segment ofLr . ThereforeLr admits a segmentation with exactly 2(2t )(22t−t−1)2=22t+1−(t+1)
segments.
Analogously, Mr has exactly 22
t+1−(t+1) segments for r = 0, 1, . . . , 2t − 1. 
Theorem 4. If G is a bipartite graph with minimum degree at least 2, then
lim
n→∞
(Gn)
(Gn)
= 1.
Proof. By Lemma 2, (Gm+1)(Gm) for each positive integer m. Therefore it is sufﬁcient to prove that
lim
k→∞
(G2
k
)
(G2k )
= 1.
For k0 let T ∗k be a double neighbourhood transversal of G2
k
with the smallest possible number of elements, by
Lemma 3
|T ∗k |
(G2
k
)
2k
.
By Proposition 1,
(G2
k
)(G2k ) − |T ∗k |
(G2k ) − (G
2k )
2k
= (G2k )
(
1 − 1
2k
)
and
lim
k→∞
(G2
k
)
(G2k )
 lim
k→∞
(
1 − 1
2k
)
= 1.
Since (G2k )(G2k ), the result follows. 
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Theorem 5. For any connected graph F with at least two vertices,
lim
n→∞
(F n)
(F n)
= 1.
Proof. Let F be any connected graph with at least two vertices and T be a spanning tree of F. Clearly G = T 2 is a
bipartite graph with minimum degree at least 2. By Theorem 4
lim
k→∞
(G2
k
)
(G2k )
= 1.
Notice that
(F 2
k+1
) = ((F 2)2k )((T 2)2k ) = (G2k )
while (F 2k+1) = (G2k ), therefore
lim
k→∞
(F 2
k+1
)
(F 2k+1)
 lim
k→∞
(G2
k
)
(G2k )
= 1.
Again by Lemma 2, this is sufﬁcient to prove
lim
n→∞
(F n)
(F n)
= 1. 
4. Hypercubes
For any positive integer m, we denote by Qm the m-dimensional hypercube.
Theorem 6. For any integer n1,
22
n − 22n−n+1 + 22n−1−n+1(Q2n)22n − 22n−n.
Proof. By Lemma 3, for each positive integer n, Q2n = (Q2)2n−1contains a double neighbourhood transversal Tn with
at most (Q2n)/2n−1 = 22n/2n−1 = 22n−n+1 vertices and with 22n−1−n+1 segments. By Proposition 1
(Q2n)22
n − 22n−n+1 + 22n−1−n+1.
Let cn be a free colouring of Q2n with (Q2n) colours. By Proposition 1 there is a double neighbourhood transversal
Tn of Q2n and a segmentation Sn of Tn such that:
(Q2n) = |V (Q2n)| − |Tn| + |Sn|.
Notice that |Tn|22n+1/2n = 22n−n+1 because each vertex of Q2n is adjacent to at least two vertices in Tn and each
vertex in Tn has degree 2n. Without loss of generality we may assume that each segment of Tn has at least 2 vertices;
this implies |Sn| |Tn|/2. Therefore
(Q2n) = |V (Q2n)| − |Tn| + |Sn|
22n − |Tn| + |Tn|2
= 22n − 12 |Tn|
22n − 12 (22
n−n+1)
= 22n − 22n−n. 
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Conjecture 7. For any positive integer n,
(Q2n) = 22n − 22n−n+1 + 22n−1−n+1.
We now consider a particular class of colourings for which our conjecture holds. A 2-free colouring of a graph G is
a free colouring of G such that for each colour , no vertex of G is adjacent to more than two vertices with colour .
For any integer n1, let ′(Q2n) be the largest integer k such that Q2n admits a 2-free colouring with k colours.
A set U of vertices ofQ2n is a good set if no vertex ofQ2n is adjacent to more than two vertices in U. A segmentation
S = {S1, S2, . . . , Ss} of a double neighbourhood transversal T of Q2n is a good segmentation of T if every set in S is a
good set. The proof of the following proposition is similar to that of Proposition 1.
Proposition 8. Let G be a graph with  vertices and let k be a positive integer. G admits a 2-free colouring with k colours
if and only if G has a double neighbourhood transversal T and a good segmentation S of T such that k = − |T | + |S|.
Let U be a set of vertices of a graph G. For i = 1, 2 we denote by NiG(U) the set of vertices of G which are adjacent
to exactly i vertices in U.
Lemma 9. Let m be a positive integer. If U is a good set of vertices of Qm, then |N2Qm(U)| |U |(min{m/2, log |U |}).
Proof. Since Qm is an m-regular graph and each vertex in N2Qm(U) is adjacent to exactly two vertices in U
|N2Qm(U)|
m|U |
2
.
It remains to prove that |N2Qm(U)| |U | log |U |.
If m = 1, then N2Q1(U) is empty for each U ⊂ V (Q1). We proceed by induction assuming the result holds for the
k-dimensional hypercube.
Consider the vertices of Qk+1 as ordered pairs (x,w), where x ∈ {0, 1} and w ∈ V (Qk). Let
V0 = {(x,w) ∈ V (Qk+1) : x = 0}
and
V1 = {(x,w) ∈ V (Qk+1) : x = 1}.
Clearly V0 and V1 induce subgraphs G0 and G1 of Qk+1, respectively, which are isomorphic to Qk .
Let U be a set of vertices of Qk+1 and let U0 =U ∩V0 and U1 =U ∩V1. Without loss of generality we may assume
|U0| |U1|.
For each vertex u ∈ V0 there is a unique vertex u′ ∈ V1 such that u and u′ are adjacent in Qk+1; moreover if
u = (0, w), then u′ = (1, w). Let U ′0 = {u′ : u ∈ U0}. The set U ′2 is deﬁned analogously.
Let z ∈ N2Qk+1(U) and let u and v be the vertices in U adjacent to z in Qk+1. If both u and v lie in U0, then z lies in
N2G0(U0). Analogously, if u, v ∈ U1, then z ∈ N2G1(U1). If u ∈ U0 and v ∈ U1, then either z = v′ or z = u′; in the ﬁrst
case z ∈ N1G0(U0) ∩ U ′1 and in the second case z ∈ N1G1(U1) ∩ U ′0. It follows that
N2Qk+1(U) ⊂ N2G0(U0) ∪ N2G1(U1) ∪ (N1G0(U0) ∩ U ′1) ∪ (N1G1(U1) ∩ U ′0).
If |U0| = 0, then N2G0(U0) = |N1G0(U0) ∩ U ′1| = |N1G1(U1) ∩ U ′0| = 0. Since G1 is isomorphic to Qk , by induction
|N2G1(U1)| |U1| log |U1|. Therefore
|N2Qk+1(U)| |N2G1(U1)|
 |U1| log |U1|
= |U | log |U |.
For the rest of the proofwemay assume |U0|1. By induction |N2G0(U0)| |U0| log |U0| and |N2G1(U1)| |U1| log |U1|.
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Evidently |N1G1(U1) ∩ U
′
0| |U ′0| = |U0|. Let u ∈ U0 and v′1 and v′2 be vertices in U ′1. If u is adjacent to v′1 and v′2,
then u′ is adjacent to v1 and v2 and to u. This is not possible since u, v1 and v2 lie in U which is a good set; therefore
|N1(U0) ∩ U ′1| |U0|. Thus
|N2Qk+1(U)| |N2G0(U0)| + |N2G1(U1)| + |N1(U0) ∩ U ′1| + |N1(U1) ∩ U ′0|
 |U0| log |U0| + (|U1| log |U1|) + 2|U0|
= |U0| log |U0| + (|U | − |U0|) log(|U | − |U0|) + 2|U0|
 |U | log |U |,
where the last inequality can be proved by a simple differential calculus argument concerning the function f :
[1, |U |/2] → R given by f (t) = t log t + (|U | − t) log(|U | − t) + 2t . 
Theorem 10. For any positive integer n,
′(Q2n) = 22n − 22n−n+1 + 22n−1−n+1.
Proof. Let n and k be integers with n − 1 = k0. Follow the proof of Lemma 3 with G = Q2 to obtain the partition
k = {T0, T1, . . . , T2k−1} of V (G2k ) into double neighbourhood transversals of G2k = (Q2)2n−1 = Q2n , each with
22k−k = 22n−1−n+1 segments.
We claim that each segment of each transversal in k is a good set. This is due to the inductive construction of
k from the double neighbourhood transversal X0 ∪ Y0 of G = Q2 which, in this case, consists of two sets with two
vertices each.
As above Q2n has a double neighbourhood transversal T with at most (Q2n)/2n−1 = 22n/2n−1 = 22n−n+1 vertices
and a good segmentation S of T with 22n−1−n+1 segments. By Proposition 8, Q2n admits a 2-free colouring with
(Q2n) − |T | + |S|22n − 22n−n+1 + 22n−1−n+1
colours. Therefore
′(Q2n)22
n − 22n−n+1 + 22n−1−n+1.
For any positive integers r and n let
ar = a(r, n) = max{|N2Q2n (U)| : U ⊂ V (Q2n), |U | = r}.
By Lemma 9, arr(min{2n−1, log r}).
Let c be a 2-free colouring of Q2n with k colours and, for r = 1, 2, . . . , 22n , let xr(c) be the number of colour classes
with exactly r vertices. Clearly
x1(c) + x2(c) + · · · + x22n (c) = k
and
x1(c) + 2x2(c) + · · · + 22nx22n (c) = 22
n
.
Since each vertex of Q2n lies in at least one set N2(U) where U is a colour class with at least two vertices,
a2x2(c) + a3x3(c) + · · · + a22n x22n (c)22
n
.
It follows that the number of colours in any 2-free colouring of Q2n is bounded from above by the maximum value
of the following Linear Optimisation Problem :
Maximise x1 + x2 + · · · + x22n
Subject to x1 + 2x2 + · · · + 22nx22n = 22
n
,
b2x2 + b3x3 + · · · + b22n x22n 22
n
,
xi0,
where br = b(r, n) = r(min{2n−1, log r}) for r = 2, 3, . . . , 22n .
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It can be seen that the maximum value is attained at the point x∗ = (x∗1 , x∗2 , . . . , x∗22n ) given by x∗1 = 22
n − 22n−n+1,
x∗
22n−1
= 22n−1−n+1 and x∗r = 0 for r 
= 1, 22n−1 .
Therefore
′(Q2n)x∗1 + x∗2 + · · · + x∗22n = 22
n − 22n−n+1 + 22n−1−n+1.
Acknowledgements
We thank Daniel Kral, Bernardo Llano, Jorge Urrutia and Ricardo Strausz for their comments during this research.
References
[1] R. Ahlswede, N. Cai, Z. Zhang, Rich colorings with local constraints, J. Combin. Inform. System Sci. 17 (3–4) (1992) 203–216.
[2] J. Arocha, J. Bracho, V. Neumann-Lara, On the minimum size of tight hypergraphs, J. Graph Theory 16 (4) (1992) 319–326.
[3] M. Axenovich, On subgraphs induced by transversals in vertex-partitions of graphs, Electron. J. Combin. 13 (1) (2006) #R36.
[4] L. Babai, An anti-Ramsey theorem, Graphs Combin. 1 (1) (1985) 23–28.
[5] P. Erdös, M. Simonovits, V.T. Sós, Anti-Ramsey theorems. Inﬁnite and ﬁnite sets (Colloq., Keszthely, 1973; dedicated to P. Erdös on his 60th
birthday), vol. II, pp. 633–643. Colloquiom of Mathematical Society, Janos Bolyai, vol. 10, North-Holland, Amsterdam, 1975.
[6] J.J. Montellano-Ballesteros, V. Neumann-Lara, An anti-Ramsey theorem, Combinatorica 22 (3) (2002) 445–449.
[7] V. Voloshin, On the upper chromatic number of a hypergraph, Australas. J. Combin. 11 (1995) 25–45.
[8] V. Voloshin, Coloring Mixed Hypergraphs: Theory Algorithms and Applications, Fields Institute Monograms, vol. 17, AMS, Providence, RI
2002, 181pp.
